Abstract. The Hoggard-Whalley-Wilmott equation is introduced to model portfolios of European type options incorporating transaction costs. The model gives rise to a nonlinear parabolic partial differential equation (PDE), whose nonlinearity reflects the presence of transaction costs. We show analytically the existence of solutions which are not necessarily convex nor concave. Numerical treatments are also given, which are devised to effectively handle an infinite domain and unbounded solutions.
Introduction
We are concerned with the nonlinear partial differential equations (PDEs) of Black-Scholes type known as the Hoggard-Whalley-Wilmott equation. The model equation incorporates the effects of transaction costs.
In addition to the basic lognormal model for the asset price, it is well conceded that the celebrated Black-Scholes partial differential equation [2] [13] is derived upon several ideal assumptions. The list of these includes, for example [9] , the absence of arbitrage opportunities, the possibility of continuous trading of the underlying asset, the constant risk-less interest rate and the stock volatility, and so on. The transaction costs associated with trading is also excluded in the original Black-Scholes analysis, which, however, is invalid in general; the influence of transaction costs is actually very important for practitioners. Much attention has been paid so far on the presence of transaction costs and many substantial researches have been undertaken. We refer to [3] [4] [7] [12] [15] [18] for instance and the references cited therein.
To include the effects of transaction costs, Hoggard, Whalley, and Wilmott [8] , based on the idea of Leland [12] , introduced the next partial differential equation, which extends the Black-Scholes.
where S is the price of the underlying asset and V (S, t) denotes the option price written on S. The maturity data V 0 (S) (≥ 0) fulfills V 0 (S) αS exponentially as S → ∞ with a nonnegative constant α. For technical reasons we assume V 0 (0) = V (0, t) = 0 throughout this paper. The constants r and σ stand for as usual the risk-free interest rate and the asset volatility, respectively. The right hand side of (1.1) originates in the presence of transaction costs. The portfolio is considered to be revised every δt where δt is a non-infinitesimal fixed time-step not to be taken δt → 0. Therefore the current approach is now classified into the so-called local in time hedging strategy. In this model transaction costs are assumed to be proportional to the value traded with a constant κ, which depends on the individual investor. We briefly recall the basic model in the next section. For further details we refer to [8] [16] [17] . We just mention that the equation (1.1) is claimed as one of the first nonlinear PDEs in finance. The aim of the present article is to solve (1.1) analytically as well as numerically without assuming the convexity nor the concavity of V . Although the nonlinear right hand side term is essential in (1.1), its treatment is rather cumbersome within the theory of PDE. The foregone literature thus customarily presupposes the convexity of V to remove the absolute value [1] . In the real world, however, this restriction is not appropriate and there are portfolios which are not necessarily convex nor concave. Now our main analytical result of this notes reads as follows. We remark once again that the solution is not presumed a priori to be convex nor concave. The regularity hypothesis on V 0 is not essential and it can be weakened; we discuss this issue in §5. See also [11] .
The strategy of proof is based on an approximation scheme. Computing somewhat tacitly in the PDE setting, we derive a priori estimates independent of approximations. The variation of constants formula then leads to the existence we want. This part is a refined version of a preliminary study by Mottate [14] .
Our next aim of this notes is to numerically treat the equation (1.1). Compared to the analytical theory, the absolute value does not cause so much trouble on the numerical computation; it suffices to employ the explicit scheme. Instead, certain unboundedness such as infinite domains as well as unbounded values of solutions makes the experiments harder. We overcome this difficulty by exploiting suitable transformations.
The plan of the paper is as follows. In §2 the derivation of the model is recalled. §3 is devoted to the analytical proof. Numerical implementation is given in §4. We conclude with discussions.
Model Equation
In this section, for completeness of our exposition, we quickly make a sketch of the model whose idea originates from Leland [12] and of the derivation of corresponding partial differential equations. For further details we refer to [8] [16] [17] .
Taking into account that if the costs associated with trading are independent of the timescale of re-hedging, then, as we take the limit dt → 0, infinite total transaction costs would be resulted in, we assume that the underlying asset price follows the random walk which is given in discrete time-step δt by
where μ denotes the drift coefficient and φ is a random number drawn from the standardized normal distribution. This is a a modification to the usual Black-Scholes continuous analysis proposed by Leland [12] ; the portfolio is now assumed to be revised every discrete δt.
Let Π = V − ΔS denote the value of the portfolio with typical delta hedging strategy. We consider the change δΠ in Π over a discrete time-step δt. In the computation we need to involve the term which represents the effect of costs. For simplicity it takes the form κS|ν|, where ν is the number of shares which are bought (ν > 0) or sold (ν < 0) at a price S. This form means that a cost is proportional to the value traded with a constant κ depending on the individual investor. It is to be noted that the resulting partial differential equations will be reduced to (1.1).
Now we derive
By virtue that the transaction costs are always positive we have subtracted off κS|ν| from δΠ. Furthermore the square of the random variable φ should be saved in this discrete time world. We follow the same hedging strategy as Black-Scholes concept and thus choose Δ = (∂V /∂S)(S, t), which has been evaluated at time t and asset S. We note that the number of shares held is provided by Δ(S, t); the number of shares traded after a time-step δt is Δ(S + δS, t + δt) and hence
We apply Taylor expansion to the right hand side for small δt and δS; it follows that
To leading order the expected change in the value of the portfolio within a time-step then turns out to be becomes
which equals to the return from a risk-free deposit. Namely
We thus obtain
This is the Hoggard-Whalley-Wilmott equation (1.1).
Proof of Theorem 1
We begin with adopting the change of variables
with k := 2r/σ 2 and the prices
(3.1)
Here we put for simplicityκ
It is to be noted that the assumption stated in the theorem is equivalent toκ < 1. Taking into account that if V solves (1.1) then V − αS also does, we understand from the beginning that V (S, t) → 0 exponentially as S → ∞.
Therefore, by virtue that V (0, t) = 0, the boundary condition on (3.1) should be interpreted as u(x, τ ) → 0 exponentially as |x| → ∞.
Now we approximate the equation (3.1). Let ε ∈ R (ε = 0) be a small parameter. Consider
The solution u of (3.2) will be denoted by the same u without involving ε with the abuse of notation. It is easy to ascertain that we recover (3.1) from (3.2) by sending ε → 0. We introduce
∂x 2 (x, τ ), which brings us to the following equations after a little computation.
The growth conditions are
Since the equation for v in (3.3) is quasilinear and uniformly parabolic in view ofκ < 1, the standard theory of PDE is applied; uniform estimates on v and w = (w − v) + v are successively concluded immediately by the maximum principle [6] . We remark that these estimates are indeed independent of ε and the existence for v is deduced. We may safely omit the details. In a sense we would be better concerned with v-variable rather than the original u-variable.
The solution u is recovered from v on an integration. To be specific, taking account of the fact that the kernel of the operator
we have from the variation of constants formula
Letting ε → 0 and transforming back, we finally obtain the solution for (1.1). This completes the proof.
Numerical implementation
Here we undertake the numerical computation of (1.1). As is mentioned in the introduction, the absolute value does not cause serious troubles in the numerical implementation; it suffices to use the explicit scheme. However, since the equation is treated on an infinite interval and the solution grows infinitely large, we are faced with these unboundedness problem. We overcome this difficulty by suitable transformations.
In our experiments we directly deal with the equation (1.1) with the time inversion t → T − t. To be precise we consider the next initial boundary value problem. 
S, T − t).
Next we perform transformations on (4.1), which are divided into two steps.
Step 1. Transformations on V 2 . We put
It is easy to check that both V 3 , V 4 are bounded as S → ∞ and satisfy
We remark that the transformation V 3 is an essentially same technique as employed in the analytical proof.
Step 2. Change of space variable. We introduce S = x/(1 − x 2 ) (see Imai [10] ). Then it is easy to see that {S ≥ 0} corresponds to {0 ≤ x < 1} and x = 2S/(1 + √ 1 + 4S 2 ). We define
After a little tedious calculation we find that
Our numerical experiments are now realized on these (4.2) and (4.3). We simply apply the explicit Euler method in time combined with the second order finite difference method in space. The double precision computation is employed.
To start with we ascertain the validity of our scheme; we check the error of computation.
2 ) (α = 1) solves (4.2) with u 3 (x, t) ≡ 0 and (4.3) (ε = 1) with The results are depicted in Figure 1 , which shows that our numerical scheme is well constructed. As to the initial condition we first choose
err(T )
which is not convex nor concave. Here are the results. We note that in the case κ = 0, (4.1) of course reduces to the celebrated Black-Scholes equation. Now we set the numerical parameters as follows. 
Discussions
We have established analytically the existence of solutions to the Hoggard-Whalley-Wilmott model equation. The equation extends the well-known Black-Scholes and incorporates the effects of transaction costs. The solutions we constructed are not assumed a priori to be convex nor concave. We thus believe that the proved solvability result is important still from the viewpoint of applications. The existence is provided if 2κ 2/σ 2 πδt < 1 holds, which means the proportional rate κ of costs to the traded value is relatively small, or the stock volatility σ is relatively large, or the non-infinitesimal time-step δt of re-hedging is relatively large. We hope that these findings may shed light on the criterion of the model itself.
We have also made numerical investigations on the Hoggard-Whalley-Wilmott equation. Exploiting a kind of bounding transformations, which is useful in treating unboundedness in the numerical computation, we produce a robust and legitimate scheme. We believe that our method may work well for practitioners. If the growth of the solution is not known a priori, one had better perform other type of transformations. See [10] for the details.
Our analytical result can be generalized in some directions. First we discover that the equation for v = ∂u/∂x in (3.3) Our procedure developed here also works well on this equation if for instance S −2 |∂F/∂Q| is uniformly bounded and small enough. However, this condition would severely control the range of possible models. See [11] . On the other hand, our numerical technique may apply to these general models. This would be an interesting subject of our future study.
